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In thisworkweexamineopticalstructuresandshear-freegeometriesof rays.Motivatedby a
paperofRobinsonandTrautmanandproceedingin analogywith theChern—Moserconstruc-
tion of thecanonicalCartanconnectionon Cauchy—Riemannmanifolds,we obtain special
framingsadaptedto ageometryof rayssatisfyingasetof equationswhicharesimilar to Car-
tan’sequationsfor Cauchy—Riemannspaces.Weshowthat,givenahypersurfaceMm thefive-
dimensionalrealprojectivespacewhich is tangentto theverticaldistributionof theHopffi-
bration,thenashear-freegeometryofraysis determinedoverM. Thereupon,asanapplication
of ourconstruction,weobtainaproof of thefollowing fact: fromalocal point of view, every
real-analytictwisting shear-freegeometryof rayscanbeconstructedin thisway. We notethat
theproofofthis lastassertioncanbealsoobtainedby combiningatheoremdueto Robinson
andTrautmanandthelocal embeddingtheoremfor Cauchy—Riemannstructures.
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Introduction

An opticalstructureis definedby afour-dimensionalmanifoldM endowedwith
two planefield distributionsV0(M) and V1 (M) of rank 1 and 3, respectively,
suchthat V0 (M) c V1 (M) andby acomplexstructureon the quotientbundle
V1 (M)/V~(M).Thesestructureswereintroducedby RobinsonandTrautman
[8—101in the studyof the so-calledradiativesolutionsof sourcelessMaxwell
equations(seerefs. [5—7]).

A LorentzjanmetriconMis saidto beadaptedto theopticalstructureif V0(M)
isanisotropicsub-bundleof T(M), V1 (M) is its orthogonalcomplementandthe
metrictensorinducedon V1 (M) / V0 (M) is Hermitianwith respectto the com-
plex structure.If we fix an adaptedLorentzianmetric and if we find that the
integralcurvesof the characteristicdistribution V0(M) aregeodesics,thenwe
will speakof geometryofrays. It shouldbe notedthat this definition doesnot
dependon thechoiceof theparticularadaptedmetric.A geometryofrays is said
to be shearfree if the Lie derivativeof an adaptedmetricg in the direction of
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V
0(M) is ofthe form r

2g+h, whereris asmoothfunctionandhis a symmetric
two-tensorvanishingon V

1(M) xV1(M). Again, this definition is independent
ofthechoiceofg.

Therearetwo typesof shear-freegeometriesof rays.Thefirst typeis character-
ized by thecompleteintegrability of theplanefield distribution V~(M). This is
equivalentto theintegrability in thesenseofthetheoryof G-structures.We refer
to refs. [8] and[10] for detailedexpositionsin thisdirection. The secondtype
is characterizedby thestrongnon-integrabilityof V1(M), that is, theskew-sym-
metric two-form V1(M)xV1(M)-.T(M)/V1(M) definedby (X, Y)=[X, Y]
mod V~(M) haseverywheremaximalrank. In theliteratureoften theadjective
“twisting” is usedto denotethissecondcase.

In ref. L 9].RobinsonandTrautmanstudiedtherelationshipsexistingbetween
shear-freegeometriesof raysandCauchy—Riemann(CR) structuresin threedi-
mensions.Theyshowedthat,locally, ashear-freegeometryof raysis asubmer-
sion with one-dimensionalfibresoverathree-dimensionalCR manifold, where
the fibrescoincidewith therays. Motivatedby this resultwe tried to applythe
constructionof thecanonicalCartariconnectionof anon-degenerateCR mani-
fold (seerefs. [2,3]) to atwistingshear-freegeometryof rays,Forthis reasonwe
introducethenotion of transversalorientation(definition 1.2).Then,givenany
transversalorientationwe constructa suitableframing satisfying asetof equa-
tionswhichhavestrongsimilaritieswith thestructureequationsofthecanonical
connectionofathree-dimensionalCR manifold.

As anapplicationofthis constructionwe examinethelocal embeddingprob-
lem for opticalstructures.Givenanyhypersurfacef:M—~RP

5whichis tangentto
theverticaldistributionoftheHopffibrationof PP5 (suchhypersurfaceswill be
calledcharacteristic),theimmersionfinduceson Mashear-freegeometryofrays,
Thelocal embeddingproblemthatweconsiderin thepresentpapercanbestated
asfollows: Givenashear-freetwistinggeometryofrays,is it possibletofind locally
acharacteristic immersionin PP5which induces the original optical structure?
Theanswerto thisproblemis positiveif theshear-freetwistinggeometryof rays
is real-analytic.We shallprovethis factby usingourconstructionandsomebasic
factsof thetheoryof exteriordifferentialsystems.But we shouldnotethat it is
possibleto derivethis resultby combiningthetheoremof RobinsonandTraut-
manandthelocal embeddingtheoremfor real-analyticCRstructures.

Thepaperis organizedasfollows: In section 1 we recallthebasicdefinitions
andsomeresultsconcerningoptical structures.In section2 we derivethebasic
structureequationsofatwistingshear-freegeometryof raysandin section3 we
constructthenormalparallelism.In section4 weconsideracharacteristichyper-
surfaceMofI~w5.We exhibit thateverycharacteristicimmersioninducesonMa
shear-freegeometryof rays. Weprove thateveryreal-analyticshear-freegeome-
tryofraysarisesin thisway (atleastlocally). Duringtheproofwe usesomebasic
theoremsof thetheoryof exteriordifferentialsystems(Cartan—Kählertheorem



E. Musso/Localembeddingfor optical structures 3

andCartan’stestofinvolution).Ourbasicreferencesonthissubjectarerefs. [I]
and [4].

1. Opticalstructures

Definition 1.1. Let M be an orientedfour-dimensionalmanifold. An optical
structureon M is definedto be a smoothreductionit: Q(M)—~Mof the linear
framebundleof M tothegroup

([t ~x bl
H=~I0 A ~IAeGL(l,C)=GL(2,P),t,b,rEP,t,r~O,x,yEP2

~L° 0 rJ

The principal fibre bundle Q(M) determinestwo sub-bundlesV
0(M) and

V1 (M) of T(M), whicharedefinedasfollows:

Vo(M)~=:Span~(u0), V1(M)~_—:Span~(uo,ui,us),

foreveryxinMandeveryu=(x, u0, u1, u2, u3) inQ(M)~.ThelineVo(M)~will
becalledthecharacteristicdirectionat x. We definea complexstructureJonthe
vectorbundle V1(M)/V0(M)by settingJ([uj])=: [u2] andJ([u2] )=: — [u1J,
where [] denotestheequivalenceclassin V1 (M) /V0(M).

If we indicateby 0=t(00,01, 02 0~)the tautologicalone-formof Q(M), then
theopticalstructureis saidto beashear-freegeometryofraysif theone-formsfl3
andco=01+ i0

2 satisfythefollowing integrabilityconditions:

d03=igwAcil+03A a, da=—flAU.+yA o~, (1.1)

wherea,/3andy aresuitableone-formsandgis a real-valuedsmoothfunction.
A shear-freegeometryof rays is saidto be twistingif g( u) � 0, for every u in

Q(M).

It shouldbequiteevidentthatal~thedefinitionsaboveareequivalenttotheones
whichcanbe found in theexistingliterature(cf. refs. [8—10]).Wewill leave it
to thereaderto checktheequivalence.

An exteriordifferentialp-forma (p= 1, 2 or 3) is saidto beopticalif

tVo(M)0~O, OSAit*(a)=0. (1.2)

Clearly,ais anopticaltwo-form if

(1.3)

whereais aone-formbelongingto the spanof 0’, 02 and8~.
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Definition 1.2. Let Q(M) be an opticalstructureand Ubean openset of M. A
transversalorientationon U is givenby anowherevanishingopticaltwo-form 9

definedon Uandsatisfyingthe followingconditions:
(a) dim C1 (6)~=dimC2(9)~=2,for everyx in M, whereC1(9) denotethe

sub-bundlesof T*( U) given by

C1(9)={ivRe(9)/VeT(U)},

C2(8)={ivlm(9)/VeT(U)}.

(b) dim C1 (9)$C2(ø)=3 andtheannihilatorofC1(9)$C2(9) is thechar-
acteristicdistribution V0(M)

(c) C,(9)r~C2(9)is the line sub-bundleof all one-formsannihilatingthe
three-dimensionalplanefield distribution V1 (M) I u. Moreover,

d(C1(8)nC2(8))#0 modT*(U)A(C,(9)~C2(9)).

This means that for every nowhere vanishing local cross-sectiony of
C1(9)r-~C2(9),the equivalence class determinedby dy in A

2T*(U)/
T* (U) A (C

1 (9) nC2(9)) is everywhere~ 0 wheneverthis makessense,thatis,
in thedomainof definitionoftheone-formy.

(d) i~d9=ik(X)9,

for every cross-sectionX of V0 (M) I u~wherek is a nowherevanishingcross-sec-
tion of thevectorbundleHom (V0 (M) I u~P).

Proposition1.3. Let Q(M)—~Mbe an opticalstructureandx be anypoint ofM
Then thereexistsan openneighbourhoodU ofx anda transversalorientation9
definedon U. Moreover, if Q(M)-3Mis real-analytic then wemaychoose9 to be
real-analytic.

Proof LetxaMbegiven.We fix a simply connectedopenneighbourhoodU of
x, a local coordinatesystem(x°,..., x

3) definedon U anda local cross-section
~
2, 3, for everyy~U. Here we will drop pull-backnotationsto indicateformson
Q(M) I ~and theirpull-backson U via the cross-sectionu. Sinceouropticalge-
ometry is shear-free,we thenhaved(coAO3)=(A0°+B&)A(c0A03),whereA
andBare smoothfunctionsdefinedon U. Let usnow indicatebyfthe function

xO(y)

f(y)=: J [i—(AF)(x°,x’(y),x2(y),x3(y))]~°,

xO(x)

thenaf/ax°= i —AF. This impliesthatthe two-form8=:e4oA 0~is atransversal
orientation.If Q(M) is real-analytic,then wemaychoosethecross-sectionu to
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be real-analyticas well as the coordinate system (x°, ..., x3).ThenA, F andfare

real-analytic and hence 9 is real-analytic.

From now onwe will assumethatQ(M) is a real-analytic shear-free geometry
of raysandthat9 is a real-analytictransversalorientationon M. We definea
real-analyticreductionP

0(M, 8) of Q (M) by setting

P0(M,9)={ueQ(M) 7r*(9)Iu=(0I+iO
2)I~A03I~}, (1.4)

where 0= t (90, 01, 02, 93) is the tautologicalone-formof Q(M). The structure

group H
0 of P0(M, 9) is givenby all 4 by 4 matricesof theform

[1
tx bl

A=IO id
2~2/r yI,

LO 0 r]

where t, b, rarerealnumbers,r, t� 0 and x, ye~ 2 Forbrevity,theelementA will
be denotedby the symbolA(y, x, r, t, b). On severaloccasionswe identify an
elementy=t (y

1,y2) of P2withthecorrespondingcomplexnumbery1÷iy2.
If we performa right translationby an elementA of the structuregroup,then

thetautologicalone-formbehavesasfollows:

R~(03)=~ R~(co)=rw—y03,
r (1.5)

R~(0°)=4~-(O0_rxi01_rx
2O2_~~(b_rxiy1_rx2y2)03),

for everyA(y,x, r, t, b). Herecv standsfor 0’+i0
2. From(c) and(d) of defini-

tion 1.2, it follows that

d03=igwA&+O3Aa, (1.6)

whereais a suitableone-formandg isa nowherevanishingreal-valuedfunction.

Moreover,(1.5) implies

g(uA)=-~g(u), VuePo(M,9),VAeH
0. (1.7)

Wedefinea real-analyticreducedsub-bundleofF0(M, 9) by setting

Pi(M,8)={uePo(M,9) g(u)=l}. (1.8)

The structuregroup H1 is now given by all 4 by 4 matricesA(y, x, r, t, b)eHo
suchthat r= 1. Forbrevity we will indicateby A(y, x, t, b) a genericelementof
H1.
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2. Thestructureequations

Let t (A, ~1, 0, ~) be a real-analyticC2~IP2-valuedexteriordifferential one-
form,definedon anopensubsetof P, (M, 8). Wesaythatr is a one-formofthe
first kind if thefollowing conditionsaresatisfied:

A is semi-basic, Ø=A+,~doesnot involve 80 and 93, (2.la)

d93=iwAci+O3AØ, (2.lb)

dw=—AAW+O3AØ’, (2.lc)

dØ=iØ’Ac~—iØ1Aco+03AyJ, (2.ld)

Im(A)AwAthA03I~~0, VueP
1(M, 0). (2.le)

Proposition 2.1. For everyucP1(M, 9) thereisanopenneighbourhoodUofuand
a one-form of the first kind defined on U.

Proof Let a, /3 andy be real-analytic one-forms, defined near u, such that

d0
3=iwAcD+O3Aa, (i)

dco=—/iAco+O3Ay. (ii)

Sincetheone-form93 is projectable as well as its differential it follows that a is
semi-basic.Similarly for cv A 0~,and hence /3+ a is again semi-basic. This implies
that /3 is semi-basic. Therefore there exist real-analytic functions A and C such
that

fl+ff—a=Aw+Aci+ CO3. (iii)

We definea’,/3’ andy’ by setting

cx=a’, J3=fl—Acv—~CO3, y=y’+~Cw.

Theseone-formssatisfy

d03=iwAal+O3Aa, (iv)

dco=—/3 Aco+O3Ay’, (v)

fl’+fi’=a’ . (vi)

Since a’ is semi-basic, then we may write a’ =A
10

1, whereA
0, ..., A1 are real-

analyticfunctions.We defineA, 01, and0 by setting

Ø=a’—A30
3, A=f3’—~A

30
3, çb’=y’—~A

3w.

Theforms0~A, ~1 satisfy
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dO3=iwAci~+63AØ, (vii)

dcv=—AAcv+O3AØ’, (viii)

A issemi-basicand0 doesnot involve 93~ (ix)

From (vii) and(viii), andusing (c) and (d) in definition 1.2, it is easily seen
that theform 0 doesnot involve 90 andtheform A satisfies(e) of (2.1).Differ-
entiating (vii) andusing (ix) we obtain

(dØ—iØ1 A co+iØ’ A cv) A 93=Ø~

Thereforethereexistsa one-form~ suchthat

dØ=iØ1 A(o—iO’AW+O3AW.

Fromall this we concludethat (A,0’~0, w) is aone-formof thefirst kind. ~

Lemma2.2. Lett and t’ beone-formsofthefirst kinddefinedon theopensetsU
andU, respectively.Then,on theoverlapUr~U’ thereexistreal-analyticfunctions
D, EandG, whereD= —13,suchthat

0=0’~ (i)

A=A’+D93, (ii)

Ø1=Ø”+Dw+E03, (iii)

~J=l,lf’+i(~oJ—Eci)+GO3. (iv)

Proof The form 0—0’ is semi-basicanddoesnot involve 93~From (2.lb) we
get (Ø—Ø’) A03=0, thus 0 and 0’ coincide. From (2.lc) it follows that
— (2—A’)A co+O~A (01 Ø”)O. UsingCartan’slemmaweobtain

A—A’ =DO~+15w, (2.2)

Ø1—0”=Dw+E63.

From (2.la) we have (A—A’)+(A~T)=0; this implies i5=o and D=—D.
Equation (2.ld) gives O3A(W—W’+iEci~—i~’w)=0; then w—~’
+ iEci~— iRw= GO~, forsomereal-analyticfunction G. E

Givena one-formof thefirst kind t we defineA to bethecomplex-valuedtwo-
form

A=dA—i&AØ’+2iØ’Aw. (2.3)

Lemma2.3. The two-form A satisfies
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A=ScoAcv modO3, (2.4)

whereSis a real-analyticreal-valuedfunction.

Proof DifferentiatingA +A= 0we get

(A+ ith A 01~210~A cv) + (A—icyA 01 +2101 A c~)
=iØ’Aá~—i~ Aco+O3AØ;

therefore A+A=O3AW. Differentiating dcv=iAAcv+03A0’ we get AAW=0
mod93~Thelasttwo equationsimply therequiredresult.

An exteriordifferentialone-formofthesecondkindis definedto bea one-form
of thefirst kind suchthatS=0.

Proposition2.4. For everyUEP
1 (M, 0) thereis anopenneighbourhoodUon which

an exteriordifferentialformofthesecondkindisdefined.

Proof Let r= (A, ~1, ~, ~ti) bea one-formof the first kind, D andEbe real-ana-

lytic functionssuchthatD= —13.Thentheform t’ = (A’, ~ ~‘, i,t”) definedby

A’=A—D0
3, Ø”=Ø’—Dw—E03, ~‘=~—i(Ecv—Eci),

is a one-formof thefirst kind. SinceA andA’ satisfyA=A’ —4il3coA & mod 93,
then S=S’ —4i13. Therefore,if we set D= —~iSandE=0, then S’ =0 and this
givesthe requiredresult.

Lemma2.5. Let t andr’ beone-formsofthesecondkind. Thenon theintersection

of their domainsofdefinitionthereare real-analyticfunctionsEandGsuchthat

0=0’~ 2=2’ , (2.5a)

Ø’=Ø”+E03, (2.5b)

w=w’ +i(Eco—Eth)+G03. (2.5c)

Theproofofthis lemmafollows immediatelyfrom theproofof lemma2.2and
isleft to thereader.

Lemma2.6. Letz bea one-formofthesecondkind,then

A=VcoAO3—V~AO3—~WAO3, (2.6)

where Vis a real-analyticcomplex-valuedfunction.
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Proof Lemma2.3 impliestheexistenceof a one-formp suchthatA=p A 93 and
2Re(p)+~=0mod93, Differentiationof dco= —AA cv+O3A0’ gives

dØ’=—AAØ’+pAw+ØAØ1+~AO3, (i)

where
4u is asuitableone-form.Differentiatingp A 93= cIA — ici) A 01 +2iØ’ andus-

ing (i) we obtain

2i(fl—p)AWAD=0 modO
3, (ii)

fromwhich we get (2p+w) A cvA c~=0mod93 andthis implies

p=—~~+Vcv+Wci+AO3,

where V, W and A are complex-valued real-analytic functions. Since
2Re(p) + ~,=0, then W= — Vand this conclusion gives the proof of the lemma.

n

A one-formof thesecondkind satisfyingV= 0 issaidtobea one-formofthethird
kind.

Proposition2.7. For everyUEP

1 (M, 8) there isan openneighbourhood on which
a one-form of the third kind is defined.

Proof Let ~ andt’ be exterior differential forms of the second kind defined on U
andU’, respectively.Then,usingthe samenotationsasin lemma2,5 we get from
(2.3)A=A’ — i&D A 93_2iEcvA 93, which implies V= V — 4iR. Therefore,given
~‘, if we define t by

0=0’, A=A’, Ø’=Ø”+~iV’O
3,

then we will get a one.formof thethirdkind.

Lemma2.8. Let t and ~‘ beexteriordIfferentiaIfor~nsof thethird kinddefinedon
open sets Uand U’, respectively. Then, on the overlap Ur-~U’ we have

0=0’~ A=A’ , 0’=O” w=w’+G03, (2.7)

whereG is a real-analyticreal-valuedfunction.

The proof of this lemma follows immediately from the proof of proposition
2.7. The details are left to the reader.

Given a one-formof the third kind we define ~‘ and W to be the exterior-
differentialtwo-formsgivenby
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~1=dØ’+Ø’AØ+AAØ1+frAw, (2.8)

W=d~/—0AW—2i0’A~.

Lemma2.9. Thetwo-form~ I is semi-basicand it canbeexpressedby

(2.9)

whereP andQ arereal-analyticcomplex-valuedfunctions.

Proof Differentiatingdcv=—AA cv+8~AØ’ we get

O3A (dØ’+Ø1 A0+AAO’—~WAW)=0.

This impliesthat0’ =VA 93, wherev is a complex-valuedone-form.Differentia-
tionofdO=iO’AcD—iO’ Aco-I-O3A~gives

O3A (W+ivAci—iIiAcv)=0. (2.10)

Thereforewe obtain

d~=ØA~+2iO1AØ1 +iVAW—iVA W+pA 93, (i)

where p is a real-valued one-form. Differentiating dØ1 +01 A Ø+A AØ’

—vAO3+~Aco=0andusing(i) wededuce

—~vAwAcv+O3A(—dv—2VAØ+ vAA—~pAw)=0. (2.11)

Thislastequationimpliesthatv is semi-basicanddoesnotinvolve 60,andhence
thelemmaisproved.

An exteriordifferentialform ofthefourth kindis definedto bea one-formof
thethird kindsuchthattherealpartof thefunctionPvanishesidentically.

Proposition2.10. Thereexistsa uniqueglobally definedone-formofthefourth
kind.

Proof If ~and r’ areone-formsof the third kind definedon U and U’, respec-
tively, thenon Ur~U’ thereis a real-analyticfunction G suchthat

0=0’~ A=A’, ~1=~1~ w=w’+G63.

Fromthis we have01=01~_ ~ GcvA 93~In particular,given t’ we definet by

0=0’~ A=A’, Ø1=Øl~, ~=~‘+2Re(P’)O3.
Clearly,~ is a one-formof the fourth kind andthis showsthe local existence.
Moreover,if t and t” are one-formsof the fourthkind it is also clearthat ~rand
‘r” mustcoincideon theoverlapof their domainsof definition. This impliesthe
global existenceandtheuniqueness. D
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Proposition2.11. Letthe theone-formofthefourthkind,then

0’=QcDAO
3, (2.12)

W=RWA63+1~&A~3,

whereQ andRare real-analyticcomplex-valuedfunctions.

Proof We knowthat 0’ = (iTcvA 93+ QCD) A 93,whereT is real-valuedandQ is
complex-valued.Substitutionin (2.10) gives W= 0 mod93, Hencewe obtain

d~=ØA~+2iØ’AØ’+pAO3. (i)

DifferentiatingdA= — ~VA 03+i&A ~1 —2iØ’ A cv andusing (i) we get 3TciA
WA ~3=Ø,whichimplies0I= Qd A 93~Differentiationof (i) givesp=Omod(03,
cv, cD), from which weobtainthesecondequationof (2.12).

Now, summarizingtheresults of the precedingdiscussionwe may formulate
our first theorem.

Theorem2.12. LetQ(M) bea real-analyticshear-freegeometryofraysequipped
with a real-analytic transversalorientation 9. Then the principalfibre bundle
P

1(Al, 0) hasa uniquereal-analyticC
2~P2-valuedone-formr= (A, 0’, 0, w) sat-

isfyingthefollowingequations:

A=ipO°+qw+r6i+isO3, (2.13a)

0= (q+f)cv+ (r+fl~, (2.13b)

dO3=icvAci~+O3AØ, (2.13c)

dcv=—AAO+O3AØ’, (2.l3d)

d0=iO’Aci~—iO’Acv+63AW, (2.13e)

dA=—~AO3+iwAØ’—2iØ’Acv, (2.l3f)

dØ’=Q&A O3—Ø~AO—AAO1—~WAW, (2.l3g)

d~v=RcvAO3+1~ci~AO3+ØA~+2iO’ ÁØ’, (2.13h)

wherep,q, r, s, Q andRare real-analyticfunctions,all ofthemare complex-valued
exceptfor p ands which are real-valued.Moreover,thefunctionp is nowhere
vanishing.

3.Thenormal coframing

Now we investigate the transformation rules of the function q+ ?~Using (1.5)
and(2.l3c) we have



12 E. Musso/ Localembeddingfor optical structures

iWAW+63AØ(W)AR~(&)+83AR~(Ø)

=i(w—j~O3)A(~—j763)+O3AR~(Ø),

for everyA=A(y, x, t, b)EH,.This implies

R~(Ø)=Ø—i,Vcv—iyci~modO3. (3.1)

Onthe otherhand

R~(O)~=(q+r)(uA)(cv—y03)+(c7+r)(uA)(&—~O3).

Thus,we obtain

(q+r)(uA)_—(q+r)(u)—i)’, (3.2)

foreveryuEP
1(M, 0) andeveryAeH1.Using(3.2) we reducetheprincipalfibre

bundleP,(M, 9):

P2(M,9)={ueP,(M,9) (q+V)~=0}. (3.3)

From (3.2) it is clearthatP2(M, 9) is a real-analytic reduced sub-bundle with

structuregroup

I It tx hi
H2= ~A(x,t,b)= 10 id2~2 01 t,betR,t~0,xuR

2

( [o 0 1]

OnP
2(M,9) we have

0=0, 2=ipO°+qw—qci+isO
3. (3.4)

Using (2.13d)and(1.5) we get

[A—R~(A)]A&)+O~A[R~(Ø’)—Ø’] =0, (3.5)

for everyAEH
2. From (3.5) we get

p(u)=

2q2(u)=2q2(uA)—p(w4)~-, (3.6)

2q,(u)=2q,(uA)—p(uA)~,

for every ueP2(M,9) and A(x, t, b)eH2,wherex=x1 + ix2 and q= q1 +iq2. Us-
ing (3.6) we obtainthat

P3(M,8)_—{ueP2(M,&)1 p(u)=l , q(u)=0} (3.7)

is areal-analyticreducedsub-bundleof P~(M, 9) whose structure group is given
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by

ri 0 bl
H3=~A(b)=I0 id2~2°lbeP

I.. Lo 0 1]

OnP3(M,9) we have

0=0, A=iO°+isO
3. (3.8)

From (3.8)and(2.13e) we deducethat01 andwaresemi-basicone-formsalong
P

3(M, 9). Thereforewe maywrite

0’=iaw+Bci~+iDO
3, (3.9a)

WDW+1+E63, (3.9b)

where a andE are real-valuedsmoothfunctionsandB, D arecomplex-valued.
Usingagain (3.5) we obtain

(s—a)(u) — (s—a)(uA)+b=0 , (3.10)

for everyuuP
3(M,Q) and everyA(b)oH3.As a consequenceof (3.10) wesee

that

P4(M, 9)=~ueP3(M,0)1 (s—a)~=0} (3.11)

defines a real-analytic absolute parallelism, which will be called the normalpar-
allelizationof (M, 9).

Theorem3.1. LetM be a four-dimensionalmanifoldand 9 be a regular optical
two-form. ThenM admitsa uniqueglobalcoframing(cv°cv

1 cy2 w3) satisfying
thefollowingstructureequations:

9=(cv’+iw2) AU)3, (3.12a)

dcv3=icvAci~, (3.12b)

dcv’=—3cv°Aw2—B,co’Ac03+(s—B
2)w

2Acv3, (3.l2c)

dw2=3cv°Aw’—(s+B
2)cv’Aw

3+B
1w

2Aw3, (3.12d)

dcv°=2scv’Aw2—(D
2w’+D,cv

2)Acv3, (3.12e)

wheres, B,, B
2, D, andD2 are suitablesmoothfunctions[uniquelydeterminedby

(3.12)]. Thiscoframingit saidto bethenormalcoframingoftheregular optical
two-form9.

Proof Theexistenceof suchaglobalcoframingisadirectconsequenceof section
2. Let (90, ..., 93) be the coframing determined by the normalabsoluteparallel-
ismandr= (A,0” 0=0, w) be the one-form of the fourth kind. Then
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A=i(6°+s03)

01isco+B~+jDO3

~=Dw+13th+E93,

where s, B=B, +iB
2, D=D1 +iD2 andE are smooth functions. Define w°, ...,

by

cv°=—~(O°+s6
3), cya9a a=1,2,3.

Then (3.l2e) follows from the definition, (3.l2d) is a consequenceof (2.13c).
Similarly, (3.l2a) canbe obtainedfrom (2.l3f) and (3.12b,c) can be deduced
from (2.13d). This concludesthe proofof the existence.Take any coframing
(w°,..., w3) satisfying (3.12) and define

O°=—(3cv°+sw3), 9a_cya a=l,2,3,

2= —3icv°, 0’ =iscv+Bá+ilYO3, W=Dw+13O3+E03,

where E is givenby

E=2(s2—B.~+~u
1(D2)+~u2(D,))

where (u0, ..., u3) is the framing dual to (90, ..., 93)~We indicateby K(M) the
correspondingabsoluteparallelism.Fromthedefinition andfrom (3.12) wede-
ducethatK(M) isa reductionofP1(M, 9) andr=: (A,01,0=0,w) istherestric-
tion along K(M) of the one-formof the fourthkind. SinceA=i(O°-I-s0

3)and
01 = isw+ Bcrj+ i1703,thenK(M) coincideswith thenormalparallelization.From
all this it follows that (w

0, ..., w3) isuniquelydetermined. 0

4. Thelocal embeddingtheorem

Considerthefive-dimensionalrealprojectivespacet~LP
5asa homogeneousspace

of theLie groupSL (3, C) with isotropysubgroup

K= {[r al a2]~AEGL(2 C) rEP rdet(A)—I a, a
2eC}

The group SL (3, C) is the totalspaceof a principalK-fibre fundle overPP
5 and

we indicate by p thebundlemap. TheMaurer—Cartanone-formof SL(3, C) is
denoted by ~= (~)a,bo1,2, and a, flare the real and imaginary partof C, respec-
tively. The set of one-forms{fl~,a~,,a~,fl~,fl~} arelinearly independentand
generatethespaceof semi-basicone-forms.Thetransformationrulesof C under
theadjointrepresentationgive



E. Musso/Local embeddingfor optical structures 15

R~cft~=rA’

for every XeK. Then{t~4,4,/3,i~,J3~} generatesa one-dimensionalplanefield
distribution ~ on PP5this is the verticaldistribution of the Hopf fibration of

overCP2.
Letf: M—~PP5bea hypersurfaceofPP5whichis everywheretangenttothever-

tical distribution ~“ (i.e., ~x) ~ df[T~(M)], for every xeM). For brevity we
saythat(M, f) isa characteristichypersurfaceofPP5.Considernowthepull-back
bundle~ (f) =J1 (SL (3,C)).Fromnow onwewill droppull-backnotationsfor
exterior-differentialforms.Sincewe assumefto betangentto theverticaldistri-
bution, then

~(j)=:{U�~(J)Ifl~I~=O} (4.1)

isa reducedsub-bundleof 3~(f)withstructuregroup

hr a, a
21

K,= ‘~.I0 1/rs a~ r,seP,r,ss~0,a,,a2,a~eC
~L0 0 sJ

FromthestructureequationsdC= — CA ~we obtain
Ar2_ P2 p0 p2 p1 p2 p2

SinceC~is real-valued,wehave

~ (4.3)

Thisimpliesthat~ issemi-basicand

(4.4)

whereA andC arecomplex-valuedfunctionsandb isreal-valued.Moreover,an
easyinspectionshowsthatb(uX)= b ( u) /rs, foreveryuc.~ (f) andeveryXeK,.

Definition41. Thebundle .~ç(f) induceson Man opticalstructurewhichis de-
notedby Q(f)—~M.The structureequationsof SL(3,C) imply that Q(f) is a
shear-freegeometryof rayswithout shear.We saythat (M,f) is non-degenerate
if b is everywherenon-zero.If (M, f) is non-degenerate,thentheinducedshear-
free geometryof rays is twisting. The equalityb=0 implies the integrability of
the optical structure. From now onwe assume(M, f) to be non-degenerate.An
opticalstructureQ(M) —~Mis called locallyembeddableif, for everypointxeM
there exists an open neighbourhoodU and a non-degeneratecharacteristic
embeddingf:U—~RP

5suchthatQ(M)I~=Q(f).

Theorem4.2. LetQ(M) .-~.Mbea real-analytictwistingshear-freegeometryofrays.
ThenQ(M) is locally embeddable.
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Proof Theproofis basedon theCartan—KAhlertheoremandon Cartan’stestof
involutionfor quasi-linearPfaffiansystems.Therefore,we will assumesomeba-
sic knowledgeof the theoryof exterior-differentialsystems.We referthe reader
to refs. [1] and [4] for the definitionsand fundamentaltheoremsthatwe will
useduring theproof.

Sinceour theoremis local we mayassumefrom thebeginningtheexistenceof
a real-analytictransversalorientation9. Undertheseassumptionsthe normal
parallelism(w° cv~)determinedby9 is real-analytic.

Considerthe manifold Y= SL(3,C) xM andthe Pfaffian differential system
generatedby theequations

(4.5)

63=:fl~_oi20,

64=:fl~=0,

together with the independence condition

co’Acv2Aco3Afl~s~0. (4.6)

For laterconveniencewe set w~=77’, (01=172, U)2=773 and ~ Let us now
complete91, .,,,

9~l,~ •,~, ,j~with a setof one-forms{~1 ,,,, ,~12}in ordertogeta
global coframingon Y. Thiscanbedoneby setting

ir’=a8, ir
2=a~, ~‘r3=fl?, ir4=a~,

ir5=fl~, ~ ~r7=/3~, ~ (4.7)

7r9=fl~, ~r’°=a~ ~11 j32 ~

Usingthestructureequationsof SL(3, C) andthestructureequationsof thenor-
mal parallelizationwe obtain

dO2~— (ir’ +~r6)A 772+ (~r7—ir’2)A i~3—~r8A

+(s—B
2)77

3A77’—B,772A77’—773 A

dO’~—~‘°Ai~+~r” A173—~T6A77’—2772A773,

dO3~— (ir7—,r’2) A ~2 (ir’+x6) A 773—7~9A17~

—(s+B
2)77

2A77’+B,173A77’+772A774,

dO4~—ir” A772—7r’°A773—x7A17’,

where meansequality mod{O’ 94}. Then (4.5) is a quasi-linearPfaffian
differentialsystemandits reducedtableaumatrix is givenby
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r—~~ _,~10 x” 0
_j~

8 — (ira +ir6) ~ 0
I — (x7—~r’2) — (~1+~6) 0
[~7 _~1I iv10 0

Therefore,the reducedCartancharacterss’,, s~,s’
3 andS’4 of (4.5) are

s~=4, s~=4, s’~=0, s’4=4,

Next weneedtocomputethedimensiont of the linearvarietyofintegralelements
of (4.5) overa genericpointx of Y. Thisis givenby thedimensionof the affine
subspaceof all matrices(P~)1,,.., 12;a1,...,4suchthat

—~U’
0A?72+/2” Afl3—~i6 Afl’—2772A173=0,

— (pt’ +y6) A 772+ (y7—,u’2)A 773—U8 A 17’+ (s—B
2)77

3A 77’

—B,772Afl’—773A?~4=0,
— (j~7~~12)A 172_ (y’+p6) A773—/L9 A 171_ (s+B

2)77
2A 771

+ B, ,~3A 771 + 772A 774= 0,

A 772—/.4’0A ~j3~y~ A771 =0,

where~ i=l, ..., 12.Clearly theseequationsmustbe satisfiedat the
pointx. It is now aneasymatterto checkthat theequationsabovegive 20 inde-
pendentlinearequationson theP~.Thus,thelinear variety of the integralele-
mentsat the pointx is a 28-dimensionalaffine subspaceof M’2’4(P) =P48,for
everypointx of Y. It isimportanttonotethatamongtheequationsof the integral
elementwe have

P~2=l. (4.8)

Fromall thisweget

28=t=s’
1 +2s’2+3s’3+4s’4.

The Cartantestof involution implies that this lastequalityholds if andonly if
ourquasi-linearPfaffiansystemis in involution.Sincewe areworkingin thereal-
analytic category, the last conclusion implies that for every point (no,
A0)eY=Mx SL(3, C) there is a four-dimensionalintegralsubmanifoldX 1= Y
passingthrough (Po,A0). Moreover, from (4.8) we havethat the restrictionof
{ (00 cv 3} alongXis aglobal coframing.Therefore,theprojectionH of X onto
Mis alocal diffeomorphism.Definef’ to bethemappingof X into PP

5obtained
by projectingX in SL(3, C) andthencomposingwith thebundlemap ontoP5P.
Finally, if we takea smallneighbourhoodU ofPo we mayinvertH andwe may
definean embeddingfofU intoPP5by settingf=f’H1. Equations(4.5) imply
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thatfis a characteristic embedding and the optical structure Q(f) coincides with

Q(M)I~.
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